Abstract. For an integer w, let S w be the algebraic triangulated category generated by a w-spherical object. We determine the Picard group of S w and show that each orbit category of S w is triangulated and is triangle equivalent to a certain orbit category of the bounded derived category of a standard tube. When n = 2, the orbit category
Introduction
The Hall algebra of an algebraic triangulated category (with certain finiteness conditions) was introduced by Toën [16] (cf. also [17] [3]), with the expectation to realize the quantized/universal enveloping algebra of a Kac-Moody Lie algebra g from the bounded derived category D Q of finite-dimensional representations over a quiver Q whose underlying graph is the Dynkin graph of g. Toën was inspired by the work of Peng-Xiao [13] [14] [15] , in which the authors provided a way to construct Lie algebras (called Ringel-Hall Lie algebras) from 2-periodic triangulated categories, e.g. to construct the Kac-Moody Lie algebra g from the root category D Q /Σ 2 , where Σ is the suspension functor of D Q , cf. also [18] [4] .
For an integer w, let S w be the algebraic triangulated category over a field k generated by a w-spherical object. In [11] , the Hall algebra of S w is computed. Having PengXiao's and Toën's work in mind, it is natural to ask what is the Ringel-Hall Lie algebra of the orbit category S w /Σ 2 .
In order to apply Peng-Xiao's construction, we need to first prove that the orbit category S w /Σ 2 is triangulated. In fact, we will prove that each reasonable orbit category of S w carries a nice triangle structure. Moreover, we will provide a characterization of these categories in terms of orbit categories of bounded derived categories of standard tubes. More precisely, we have Theorem 1.1. Let n be a positive integer. (b) For any a ∈ k × , the orbit category S w /f −1 (a, n) carries a canonical triangle structure such that the projection functor S w → S w /f −1 (a, n) is a triangle functor. Moreover, it is triangle equivalent to the perfect derived category of the dg algebraΛ = k s, r, r −1 /(s 2 , sr = (−1) nw ars) with trivial differential, where deg(s) = w and deg(r) = n.
(c) Let m be the greatest common divisor of n and d = 1 − w, n ′ = n/m, d ′ = d/m, c be an inverse of d ′ modulo n ′ , and let a, b ∈ k × be such that a = ((−1)
Then the orbit category S w /f −1 (a, n) is triangle equivalent to the orbit category D b (T n ′ )/g −1 (b, c, m) (which admits a canonical triangle structure by [8, Theorem
9.9]).
In particular, the orbit category S w /Σ 2 is triangle equivalent to the root category of the standard homogeneous tube (i.e. the standard tube of rank 1) if w is odd, and to the cluster tube of rank 2 if w is even. This characterization helps us to obtain the following description of the associated Ringel-Hall Lie algebra in terms of a basis and the corresponding structure constants. where for an integer r, sgn(r) = 1 if r is positive and sgn(r) = −1 if r is negative.
We remark that the cluster tube of rank 2 is not proper, and we refer to [18] for Lie algebras constructed from non-proper 2-periodic triangulated categories (cf. also Section 4). The Lie algebra obtained in Theorem 1.2 (b) seems likely to be the first Lie algebra computed from a non-proper 2-periodic triangulated category.
This paper is organized as follows. In Section 2, we give some preliminary results, including results on derived categories of dg categories, triangulated orbit categories, the algebraic triangulated category S w generated by a w-spherical object and the bounded derived category of a standard tube. In particular, we prove part (a) of Theorem 1.1.
In Section 3, we prove Theorem 1.1 (b) and (c). The proof of the first part of (b) is a variant of Keller's proof of [8, Theorem 4] . In the proof of the second part of (b) and the part (c), we compute the dg algebras for both orbit categories and compare them. Section 4 is devoted to the characterization (Theorem 1.2) of the Ringel-Hall
Lie algebras associated to S w /Σ 2 . In an appendix, by using covering and the universal property of orbit categories we construct an explicit triangle equivalences between the two orbit categories in Theorem 1.1 (c) in the case when n is even and a = b = 1.
The second-named author gratefully acknowledges support from Max-Planck-Institut Keller for pointing out to them the similarity between the orbit category S 3 /Σ 2 and the root category of a homogeneous tube (which inspired the study in the second part of Section 3) and for his great help in finding an error in a previous version. They thank Martin Kalck for pointing out some typos to them.
Preliminaries
Let k be a field.
2.1.
The derived category of a dg category. We follow [7] . Let A be a differential graded (=dg) k-category (we identify a dg k-algebra with a dg k-category with one object). Let Dif A be the dg category of (right) dg modules over A. For two dg modules M and N over A and for an integer n, the degree n component of the morphism complex N) consists of the homogeneous morphisms from M to N of degree n, here M and N are considered as graded modules over the underlying graded category of A. The differential of Hom Dif A (M, N) is induced from the differentials of M and N.
The shift of complexes is a dg functor Σ : Dif A → Dif A, which takes a homogeneous morphism f of degree n to (−1) n f .
The derived category DA of A has the same objects as Dif A and its morphisms are obtained from the closed morphisms in Dif A of degree 0 by formally inverting all quasiisomorphisms. It is triangulated with suspension functor Σ the shift functor. Let per A denote the smallest triangulated subcategory of DA containing all free dg A-modules and closed under taking direct summands. Let D f d A be the full subcategory of DA consisting of those dg modules which has finite-dimensional total cohomology. It is a triangulated subcategory of DA.
Let A be a dg k-category. We define H 0 A to be the k-category which has the same objects as A and whose morphism space Hom H 0 A (X, Y ) between two objects X and Y is the zeroth cohomology of the complex Hom A (X, Y ). The Yoneda embedding A ֒→ Dif A of dg categories induces an embedding H 0 A ֒→ DA of k-categories. In particular, we have for A ∈ A and the corresponding free module A ∧ = Hom A (?, A)
Let A and B be two dg k-categories. A dg A-B-bimodule is by definition a dg module over the tensor product B ⊗ A op . Given a dg A-B-bimodule X, one can define a pair of adjoint standard triangle functors
Orbit categories. We follow [8] .
Let C be a k-category, and F be an auto-equivalence of C. The orbit category C/F is defined as the category whose objects are the same as those of C and the morphism space Hom C/F (X, Y ) between two objects X and Y is
The following remarkable result is due to Keller.
Theorem 2.1 ([8] Theorem 9.9). Let H be a small hereditary abelian k-category with the Krull-Schmidt property where all morphism and extension spaces are finite-dimensional.
be a standard equivalence with a dg lift. Suppose
(1) for each indecomposable U of H, only finitely many objects
(2) there is an integer N ≥ 0 such that the F -orbit of each indecomposable of C contains an object Σ n U for some 0 ≤ n ≤ N and some indecomposable U of H.
Then the orbit category C/F admits a natural triangle structure such that the projection functor C → C/F is a triangle functor.
In Keller's proof, a dg orbit category is defined and the triangle structure of C/F come from the (nice) dg structure of the dg orbit category. In this case, we say that the orbit category C/F admits a canonical triangle structure. In particular, the projection functor π C : C → C/F is a triangle functor given by a tensor functor.
2.3.
The algebraic triangulated category generated by a spherical object. Let C be a triangulated k-category. For an integer w, an object S of C is called a w-spherical object if the graded endomorphism algebra
, where s is of degree w. Let S w be the algebraic triangulated category over k generated by a w-spherical object S. The following result was proved in [11] .
Theorem 2.2. The category S w is triangle equivalent to per(Λ) and to
Here both Λ and Γ are viewed as dg algebras with trivial differentials. In particular, Σ n S, n ∈ Z, are precisely the w-spherical objects in S w .
Let Aut(S w ) be the group of triangle automorphisms of S w which admit dg lifts. The suspension functor Σ belongs to Aut(S w ) and is central. Let a be a nonzero element of k. We define ϕ a to be the automorphism of Λ taking s to as. The induced push-out functor ϕ a, * : S w → S w also belongs to Aut(S w ). In fact, Aut(S w ) is generated by Σ and
Proof. Let F be an element of Aut(S w ). Then F S is also a w-spherical object, so it follows from Theorem 2.2 that
The map f is surjective because for any a ∈ k × and any n ∈ Z we have f (ϕ a, * Σ n ) = (a, n). It is injective because any element in the kernel is isomorphic to the identity functor on the objects
and on all the morphism spaces Hom Sw (S, Σ p S) (p ∈ Z) and, since S generates S w , such a functor must be isomorphic to the identify functor. Proof. It is easy to check that Λ ′ is the graded endomorphism algebra of the simple objects of T n . For degree reasons, there is no non-trivial A ∞ -structure on Λ ′ such that the identities of the simple objects are strict units(cf. the proof of [11, Theorem 2.1]).
So by [12, Theorem 7.6 .0.6] we obtain the derived result.
Let us denote by α 1 : 1 → 2, . . . , α n : n → 1 the arrows in the quiver of Λ ′ . For a ∈ k × , we define ψ a as the unique automorphism of Λ ′ taking α 1 to aα 1 , and α i to α i , i = 2, . . . , n. We define c as the unique automorphism of Λ ′ taking the vertex i to i + 1, i = 1, . . . , n. The push-out c * is exactly the Auslander-Reiten translation τ .
Proof. The proof is similar to that for Lemma 2.3. Let S i denote the simple object of T n corresponding to the vertex i, i = 1, . . . , n. Let F be an element of Aut(D b (T n ).
By the shape of the Auslander-Reiten quiver of
It is surjective because for any a ∈ k × , any i ∈ Z/nZ and any m ∈ Z we
. . , S n , and hence F is isomorphic to the identify functor.
The triangle structure
Let k be a field and w an integer. Let S w be the algebraic triangulated category generated by a w-spherical object. In this section, we will prove that for any triangle auto-equivalence F of S w which is not identical on isoclasses of objects, the orbit category S w /F admits a canonical triangle structure. Let n ∈ N. The following lemma on graded modules over Γ is well-known.
Lemma 3.1.
(a) Up to degree shifting, an indecomposable graded Γ-module is isomorphic to one of the following modules:
Recall that the automorphism group of
Here by abuse of notation ϕ a denotes the automorphism t → at of Γ. It is useful to observe that ϕ a, * is isomorphic to the identity on objects.
Proof. Recall that Dif Γ denotes the dg category of dg Γ-modules. Let A be the dg subcategory of Dif Γ consisting of strictly-perfect dg Γ-modules with finite-dimensional total cohomology (a dg Γ-module is strictly perfect if as a graded module it is the direct sum of finite copies of shifts of Γ). Then we have an equivalence of triangulated categories
The functor ϕ a, * Σ n is a dg auto-equivalence of the dg category A. For any X, Y ∈ A,
vanishes for all but finitely many p ∈ Z. Let B = A/ϕ a, * Σ n be the dg orbit category of A. We have an equivalence of categories
The canonical dg functor π : A → B yields an A-B-bimodule
which induces the standard functors (cf. Section 2.1)
Note that we also have a natural embedding
given by the A-Γ-bimodule
This embedding identifies H
Let M = per B be the triangulated subcategory of DB generated by the representable functors. By abuse of notation, we denote the representable functor X ∧ still by X for any X ∈ B. To prove that D f d (Γ)/ϕ a, * Σ n admits a canonical triangle structure, it suffices to show that H 0 B is extension closed in M, i.e. for any X, Y ∈ H 0 B and
, the third term of the following triangle in M is isomorphic to an
We apply the right adjoint π ρ of π * to the triangle above, we get a triangle in DA
Applying the functor i, we have a triangle in DΓ
It suffices to show that
Below we will consider the functor ϕ a, * Σ n only on objects, so we will drop ϕ a, * . Note
Let us rewrite the triangle as follows
Applying the cohomological functor H * to the above triangle gives a long exact sequence
Then it follows by Lemma 3.1 that any degree shifting of M = H * (M) is not a direct summand of H * (N). By Lemma 5.3, we know that any shift of M is not a direct summand of N. As a consequence, N must be the direct sum of a Σ n -orbit. Since
for some indecomposable objects
. This finishes the proof. we can also obtain some evidence (and some clue about the missing cone of 1 + u). The
where f is the morphism with components
Mamely, N is the Milnor colimit of the sequence
where m is the greatest common divisor of n and |d|, and v is the diagonal matrix
, which is not the direct sum of the Σ n -orbit of any object in per(Γ).
3.2.
The dg algebra for S w /ϕ a, * Σ n . We have a nice byproduct of the proof of Theorem 3.2.
Proposition 3.4. Let w ∈ Z\{1}, a ∈ k × and n ∈ N. The orbit category S w /ϕ a, * Σ n is triangle equivalent to perΛ, wherẽ
is the graded algebra with deg(s) = w and deg(r) = n, viewed as a dg algebra with trivial differential.
Proof. Let A and B be dg categories as defined in the proof of Theorem 3.2. Let S = Γ/tΓ be the 1-dimensional simple dg Γ-module concentrated in degree 0. Recall from Theorem 2.2 that the dg endomorphism algebra of (a strictly perfect resolution of) S in A is related by a zigzag of quasi-isomorphisms to Λ = k[s]/s 2 with deg(s) = w.
Thus the dg endomorphism algebra
of the imageS of S in B is related by a zigzag of quasi-isomorphisms toΛ (note that the composition in the orbit category is twisted by ϕ a, * Σ n ). It follows from the construction that every object in B is an iterated cone of closed morphisms of degree 0 between shifts of copies ofS, since every object in A is an iterated cone of closed morphisms of degree 0 between shifts of copies of S. Thus the restriction from B to the one-object dg subcategory {S} induces a triangle equivalence perΛ ∼ = per B, cf. for example [5] . The latter category, by the proof of Theorem 3.2, is triangle equivalent to 
is the graded algebra with deg(s) = w and deg(r) = n, viewed as a dg algebra with trivial differential. Here n = n ′ m, and
Proof. The proof is similar to that for Proposition 3.4. Let A ′ be the dg category of strictly perfect dg Λ ′ -modules, where Λ ′ was defined in Section 2.4, and let B ′ be the dg orbit category with respect to the dg automorphism
is triangulated and, by 2.1,
Thus the restriction from B ′ to the one-object dg subcategoryS 1 induces a tri-
3. The 'only if' part: Let F :
Then due to the shape of Auslander-Reiten quiver, F (S 1 ) ∼ = Σ pS for some integer p.
Therefore the graded endomorphism algebraΛ ′ ofS 1 andΛ ofS are isomorphic, which
In the appendix, we will construct an explicit equivalence for the case a = b = 1 and n = 2 using covering and the universal property of orbit categories. 
• Σ of rank n are triangle equivalent, while when n is odd, they are not triangle equivalent.
Ringel-Hall Lie algebras associated to spherical objects
Let k be a finite field with |k| = q and w be an integer. Let S w be the triangulated category over k generated by a w-spherical object. As shown by Theorem 3.2, the orbit category S w /Σ 2 admits a canonical triangle structure. It is obviously 2-periodic, so we can associate a Lie algebra to it via the Ringel-Hall approach in the sense of Peng-Xiao.
In this section, we will determine this Lie algebra.
4.1. The Ringel-Hall Lie algebra. We recall the definition of the Ringel-Hall Lie algebra of a 2-periodic triangulated category following [15] . Let R be a Hom-finite k-linear triangulated category with suspension functor Σ. By ind R we denote a set of representatives of the isoclasses of all indecomposable objects in R.
Given any objects X, Y, L in R, we define
whose mapping cone Cone(l) is isomorphic to Y . Consider the action of the group The following proposition is an observation due to [17] .
We assume further that R is 2-periodic, i.e. R is Krull-Schmidt and Σ 2 ∼ = 1.
Let Gr(R) be the Grothendieck group of R and I R (−, −) be the symmetric Euler form of R. For an object M of R, we denote by [M] the isoclass of M and by h M = dim M the canonical image of [M] in Gr(R). Let h be the subgroup of Gr(R) ⊗ Z Q generated
, M ∈ ind R, where d(M) = dim k (End(X)/rad End(X)). One can naturally extend the symmetric Euler form to h × h. Let n be the free abelian group with basis {u X |X ∈ ind R}. Let
a direct sum of Z-modules. Consider the quotient group
Then by Peng and Xiao [15] we know that g(R) (q−1) is a Lie algebra over Z/(q − 1)Z, called the Ringel-Hall Lie algebra of R. The Lie operation is defined as follows.
(1) for any indecomposable objects X, Y ∈ R,
, where δ X,ΣY = 1 for X ∼ = ΣY and 0 else. 
If the triangulated category R is proper, i.e. any indecomposable object of R has nontrivial class in the Grothendieck group, then the sum over L ∈ ind R in (1) is necessarily zero.
4.2.
The Ringel-Hall Lie algebra of S w /Σ 2 : the case w is odd. Applying Theorem 3.6 to the case a = 1, w is odd and n = 2, we have the following lemma. We recall that the standard homogeneous tube T 1 is the category of finite-dimensional nilpotent representations of the Jordan quiver (the quiver with one vertex and one loop). For each positive integer n there is an indecomposable representation n of length n, and up to isomorphism all indecomposable representations are of this form.
The image of n in R will still be denoted by n , and its suspension will be denoted by −n . The Grothendieck group of R is free of rank 1 generated by the canonical image z of 1 . To compute the Ringel-Hall Lie algebra of R, we need the following well-known fact on the bounded derived category of a hereditary abelian category. 
The following characterization of the Ringel-Hall Lie algebra of R is known to the experts, but we failed to find a precise statement in the literature. It can be easily deduced by using Lemma 4.3 (cf. [14] [20]).
Proposition 4.4. The Ringel-Hall Lie algebra g(R) q−1 of R has a Z/(q − 1)-basis {u n |n ∈ Z\{0}} ∪ {z} with structure constants given by
We have an 'integral' version of g(R) q−1 . Let Ω be the set of isomorphism classes of finite field extensions of k. For any E ∈ Ω, let n E = n ⊗ k E be the extension of n over field E and −n E be the suspension of n E . One can define the Ringel-Hall Lie algebra g(R) (|E|−1) similarly. Consider the product of Lie algebras
Consider the Lie subalgebra g of L generated by U ±n and Z, we also call g the Ringel-Hall Lie algebra of R. It is easy to see that g is isomorphic to the infinite-dimensional Heisenberg Lie algebra.
Indeed, {− 1 n U n |n ∈ N} ∪ {Z} ∪ {U −n |n ∈ N} is a Chevalley basis.
Combining Lemma 4.2 and Proposition 4.4, we have
Proposition 4.5. The Ringel-Hall algebra of S w /Σ 2 for w odd is isomorphic to the infinite-dimensional Heisenberg Lie algebra.
4.3.
The Ringel-Hall Lie algebra of S w /Σ 2 : the case w is even. Applying Theorem 3.6 to the case a = 1, w is even and n = 2, we have the following lemma.
Lemma 4.6. The 2-periodic orbit categories S w /Σ 2 is triangulated equivalent to the cluster tube of rank 2.
Let us first recall the definition of the cluster tube of rank 2. Let ∆ be the cyclic quiver with 2 vertices. Let T 2 be the category of finitely generated nilpotent right k∆-modules.
be the bounded derived category of T 2 , τ be the AR-translation functor, and Σ be the suspension functor of D b (T 2 ). The cluster tube of rank 2, denoted by C, is defined as the orbit category
). In particular, for objects X and Y of C, the morphism space C(X, Y ) is
The composite functor T 2 → D → C is bijective on isoclasses of objects and preserves indecomposability. Thus we have ind C = ind T 2 = { n , −n |n ∈ N}, where n is the unique indecomposable k∆-module of length n with socle the simple module corresponding to the vertex 1, and −n the unique indecomposable k∆-module of length n with socle the simple module corresponding to the vertex 2. We have τ n = −n in T 2 (here τ 2 = 1), and Σ n ∼ = τ n = −n in C (here τ ∼ = Σ and τ 2 ∼ = Σ 2 = 1).
The Grothendieck group of C is free of rank 1 generated by the canonical image of 1 , see [1] . It is easy to see that the images of ±2n in the Grothendieck group are 0, so the triangulated category C is not proper.
To compute the Ringel-Hall Lie algebra of C, we need some auxiliary results. Let X, Y be two objects of T 2 , viewed as objects of C, and f ∈ D(X, Y ) and g ∈ D(X, τ −1 Y ).
Let Z be an object of T 2 such that ΣZ is a cone of f + g. As discussed in [19, Section 4 .6], we can compute Z using the long exact sequence
where the short exact sequence
is induced from g by the inclusion ker(f ) ֒→ X and the quotient τ
Namely, we have the following commutative diagram
where the square in the left-upper corner is a pushout and the square in the right-lower corner is a pullback. The next proposition follows easily.
For any nonzero t ∈ k, we have
In particular, Con(f + g) is indecomposable if and only if · for g ∈ D(X, τ −1 ΣY ), the orbit g * is contained in D(X, τ −1 ΣY ).
indecomposable if and only if f is injective or surjective.
Proof. Suppose Con(f + g) is indecomposable, then by the condition (f + g)
we know that Con(h) is indecomposable. Thus, h is injective or surjective. Since
We can write φ X as φ + x, where φ ∈ Aut D (X) and x ∈ D(X, τ −1 ΣX). In particular, we have f • φ = h and f is injective or surjective.
Suppose f is injective (resp. surjective). The assumption (f + g) * = h * implies that h is injective (resp. surjective). Therefore the mapping cone of f + g is indecomposable.
Proof. We first remark that if (f + g)
Suppose that (f + sg) * = (f + tg) * for some s = t ∈ k. There exists φ X ∈ Aut C (X) such that (f +sg)φ X = (f +tg). Since X is indecomposable, we can write φ X = a+b+c,
. In particular, one has a = 1 and s − t + sb ∈ Aut D (X) since s = t and sb ∈ rad End D (X). Thus, we have
One can take ψ = a + b + tc and verify that (f + tg)ψ = (h + tk).
Let X, Y and L be objects in ind C. By definition and Proposition 4.1, we have
Y admits a natural partition:
where
It follows from Proposition 4.7, Lemma 4.10 and Lemma 4.11 that |S 2 | is divisible by q−1 and hence is 0 in Z/(q−1). However, note that S 2 is not necessarily empty. Namely, for some X and L there are nonzero morphisms f ∈ D(X, L) and g ∈ D(X, τ −1 ΣL)
and the mapping cone of f + g in C is indecomposable. For example, one considers X = 4 and L = 3 . Let f : X ։ 2 L and g ∈ D(X, τ −1 ΣL) given by the short exact sequence
One checks that the cone of f + g is −3 .
It is not hard to see that
Thus the numbers |S 1 | and |S 3 | are essentially characterized by the following proposition due to Peng-Xiao [14] . 
Now we are in a position to determine the structure of the Ringel-Hall Lie algebra g(C) (q−1) of C ∼ = S w /Σ 2 for w even. Let L be the Lie algebra over Z/(q − 1) with basis {z, u n , n ∈ Z\{0}} and structure constants given by 1) [u m , u n ] = 0 for m and n even;
2) [u m , u n ] = 0 for m and n both odd of the same sign;
0, for n even 4u n , for n positive odd −4u n , for n negative odd where x, y ∈ N.
Theorem 4.13. The assignment z → h 1 , u n → u n , n ∈ Z\{0} linearly extends to a Lie algebra isomorphism from L to g(C) (q−1) .
Proof. Let us check that u n , n ∈ Z\{0} satisfy 3). Similarly one checks that they together with h 1 satisfy other relations. Let x, y ∈ N and l ∈ Z\{0}. By the arguments before Proposition 4.12, we have
where the last congruence follows from Proposition 4. 12 2) 
The desired result follows immediately from the definition of the bracket
Remark 4.14. 1) 3) 4) 5) 6) 8) imply that each u 2x + u −2x (x ∈ N) is central in L. A direct computation shows that they form a basis of the center.
From Theorem 4.13 we see that the integral Ringel-Hall Lie algebra of C is isomorphic the Lie algebra over Z with basis {z, u n , n ∈ Z\{0}} and structure constants given by 1)-8). We take the quotient of this Lie algebra by its center and extend the scalars to Q. The resulting Lie algebra has a basis {a x |x ∈ N ∪ {0}} ∪ {b y , c y |y ∈ N − 1 2
, b y =ū 2y , c y =ū −2y for y ∈ N − 1 2
) with structure constants
where for an integer r, sgn(r) = 1 if r is positive and sgn(r) = −1 if r is negative.
Appendix: An explicit equivalence
Let k be a field and d be a nonzero integer. Let Γ be the graded algebra k[t] with deg(t) = d, viewed as a dg algebra with trivial differential. Let n be a positive integer.
In Section 3 we proved that the orbit category of D f d (Γ)/Σ n admits a canonical triangle structure and is triangle equivalent to a certain orbit category of the bounded derived category of a standard tube. In this appendix, we construct an explicit equivalence, provided that n is even.
5.1. Induced functors. We follow [9] . Let C and C ′ be a k-linear category, F : C → C and F ′ : C ′ → C ′ be auto-equivalences, and C/F and C ′ /F ′ be the corresponding orbit
In particular, the (F, F )-equivariant functor (id C , ǫ1 F ) induces a functor C/F → C/F , denoted by ∆(ǫ). If C is triangulated and F is a triangle auto-equivalence, then the suspension functor of C/F is induced by the (F, F )-equivariant functor (Σ, φ), where φ : ΣF → F Σ is the natural isomorphism in the triangle structure of F .
Let F 1 , F 2 : C → C be two k-linear functors endowed with commutation morphisms
We assume that φ ii = ǫ i 1 F i F i and that φ ij is the inverse of φ ji for i, j = 1, 2. Let F = F 1 F 2 . Then the above commutation morphisms yield two (F, F )-equivariant functors (b) For objects X and Y of C and for an integer p, the functor Φ gives us a map
Summing them up for all integers p yields a map
which is precisely the mapΦ(X, Y ). Therefore,Φ is fully faithful under the assumption.
Remark 5.2. In this appendix, we will apply Lemma 5.1 without checking the existence of the required dg lift: this is standard in all cases.
5.3.
Hereditary graded algebras. Let Γ be a hereditary graded k-algebra. Let
Grmod(Γ) be the category of graded modules over the graded algebra Γ and grmod(Γ) be its subcategory of finite-dimensional graded modules. Let 1 be the degree shifting functor of Grmod(Γ). We grade our algebras and modules cohomologically, so for a graded
Consider Combining Proposition 5.9 and Lemma 5.10, we obtain the main result of this section.
Theorem 5.11. Let n ∈ N be even. Then we have a triangle equivalencē 
